This is the continuation 1 of previous notes on the subject referred as He4] and He5]. The main application treated in Part I was a semi-classical one. The second application was more perturbative in spirit and gave very explicit explicit estimates for the lower bound of the Witten Laplacian in the case of a quartic model. We shall develop in this third part a remark given in the second part concerning the possibility of relating our studies of the Witten Laplacian with the existence of uniform logarithmic Sobolev inequalities through a criterion of B. Zegarlinski. More precisely, we shall show how to control the decay of correlations uniformly with respect to various parameters. 1 A rst version of these notes was distributed at the end of October 97.
Introduction
In the recent years, a new insight has been given in the study of the decay of the correlation pairs, through the analysis of a Witten Laplacian on 1-forms ( Sj2] , He4] , NaSp], AA2]). This gave not only a nice way to recover the Brascamp-Lieb inequality He1] but also permits the analysis of non-convex situations ( Sj1] BaEm] in the case of nonconvex situations by relating the logarithmic Sobolev best constant to the lowest eigenvalue of ths Witten Laplacian. We discuss this question in He2] and He3] in connection with recent studies of Antoniouk-Antoniouk AA1], AA2] but do not obtain decisive results outside the case when the gradient of the interaction is bounded and small. Motivated by discussions with T. Bodineau and a talk by B. Zegarlinski in Brisbane (July 97), we consider here another approach initiated by StrookZegarlinski StZe1] , StZe1] and continued by Zegarlinski Ze] Let us now state the assumptions on the single-spin phase . We assume that is C 1 and convex at 1, so there exists C > 0 such that 00 (x) 1 C ; 8x 2 IR s.t. jxj C :
(1.8)
We add also the technical condition that, there exists > 0 and, for all
(1.9)
where, for u 2 IR n , < u >:= (1 + juj 2 ) 1 2 and, for t 2 IR, (t) + := max(t; 0).
The typical example will be ( for all non-negative function f for which the right hand side is nite. As communicated by B. Zegarlinski, example (1.10) is also analyzed by N. Yoshida Yo] . In this case, we say shortly that the uniform logarithmic Sobolev inequality (ULS inequality) is true. The proof will be the conjonction of a criterion by Zegarlinski Ze] relating the existence of \uniform" decay estimates with the existence of \uniform" logarithmic Sobolev inequalities, the proof (mainly given in He5]), that the existence of \uniform" decay estimates may be obtained from the existence of an \uniform" lower bound for the lowest eigenvalue of a Witten Laplacian on 1-forms, the proof of this \uniform" lower bound in the case of a weak nearest neighbors interaction by comparison with a family of \one-particle" di erential operators on IR. Although the main techniques were already present in our previous notes. We think it is worthwhile to follow in detail this problem of the control of the uniformity with respect to and ! and to show that the assumption of strict convexity at 1 for the single spin phase is a natural condition under which this technique works. The di erential of this phase j depends actually only on the z`with` j and recall that z`= x`if`2 and z`= !`if`2 ZZ d n . We have indeed
where the last term is independent of t and will be irrelevant in the discussion. More precisely, the operators w (0) j and w (1) j depend only on the z`with j.
It will be quite important that the estimates which will be proved are independent of these parameters. We note the relations w (0) j = X j X j ; (2.8) and w
(1) j = X j X j = X j X j + 1 2 @ 2 @x 2 j : (2.9)
According to the context, we shall see these identities as identities between di erential operators on L 2 (IR ) or on L 2 (IR x j ) (the other variables being considered as parameters We recall that the positivity of w (1) j is immediate from the de nition. We also observe that it is su cient to treat the case of a xed j 0 all the families being unitary equivalent (after a simple change of the names of the parameters). We shall see that the strict positivity for a xed value of the parameter z is a consequence of general arguments (see Sj2] and Jo]), at least for J 2 ?J 0 ; +J 0 ] with J 0 small enough. The other important point is to verify the condition of uniformity. This will be done in the next section.
3 Uniform estimates for a family of 1-dimensional Witten Laplacians.
In the preceding section, we have proved that the proof of a uniform lower bound for the A similar inequality (with another constant C which depends on and J ) holds for the phase t 7 ! ;J (t) := (t)+J d t 2 ? t under the condition that J ?J 0 for some small enough strictly positive J 0 . It is also clear that j 0 (t)j jtj C , and the operator is with discrete spectrum and strictly positive for any pair ( ; J ) with jJ j small enough.
Let us give an explicit proof of the injectivity (admitting that we have proved that the kernel is in S(IR)) because this property is actually quite easy in dimension 1.
Lemma 3.2 . If u is in S(IR) and solution of the equation
?u 00 (t) + 1 4 ' 0 (t) 2 u(t) + 1 2 ' 00 (t) u(t) = 0 ; for a phase ' satisfying (1.8) and (1.9), then u = 0. For the proof, one rst remarks that this solution is also a solution of u 0 (t) ? 1 2 ' 0 (t) u(t) = 0 ; and consequently given by u(t) = C exp 1 2 '(t). But it is then necessarily identically 0 when it is assumed to be rapidly decreasing.
This lemma is then applied to ' = ;J .
The second point is that the lowest eigenvalue depends continuously on ( ; J ) by rather simple argument of perturbation.
So the remaining point is a problem of uniformity as ! 1. The speci c model (t) = 12 t 4 + 2 t 2 was treated directly in He5] using a semi-classical approach. We give here an easy argument which is quite general although not optimal for the speci c model. It is indeed immediate to see from (1.9) that there exists > 0 such that, for j j and jJ j 1 and all t 2 IR, On the other hand, our assumptions on the single spin phase seem weaker than in Yoshida Yo] (see for example his Lemma 3.3). As discussed with him 5 quite recently, the use of GHS inequality seems important. This makes reasonable extension of the quartic model to other polynomials like (x) = a 2n x 2n + ::: + a 2 x 2 with non negative a 4 ; ; a 2(n?1) 0 and a 2n > 0.
6 The case when the one particle phase is de ned on IR N Some of the methods for proving decay estimates use standard estimates in statistical mechanics (for example GHS) where the dimension N of the space on which the one particle phase is de ned plays a role (for example the condition N 4 is mentioned by A. Sokal in Sok], see the discussion after 5 Personal e-mail exchange in November 1997
his Theorem 3). We shall show here that, in the Witten Laplacian approach, the extension from N = 1 to general N is only a minor di culty. Let us assume indeed that our phase is now de ned on IR N and satis es the two following natural conditions.
There exists 6 C such that, 8x 2 IR N with jxj C, we have We now only need the local control of the lower bound with respect to ( ; J ). We observe that, for any ( ; J ), the lowest eigenvalue of w is strictly positive (See Jo]) and continuous (under the assumptions (6.1) and (6.2) with respect to ( ; J ) 2 IR N ?J 0 ; +J 0 ]. This proves the lemma.
One deduces the theorem from the lemma along the same lines as when N = 1. Remark 6.3 . Under the assumptions of the theorem, one can hope to obtain the uniform logarithmic Sobolev inequality for J small enough and any N. Nethertheless, there would be a need of an extension of Zegarlinski's Theorem 5.1, for N > 1.
